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Abstract 

Let V he a poset on [n], T{V) the set of order ideals of V and E an equiv- 
alence relation on X('P). The concepts of the dual relation E* of an equiv- 
alence relation E, the iiJ-weight (resp. £^*-weight) distribution of a linear 
poset code (resp. its dual poset code) and a Mac Williams- type equivalence 
relation are introduced. We give a characterization for a MacWilliams-type 
equivalence relation in terms of MacWilliams-type identities for a linear 
poset code. Three kinds of equivalence relations on I('P) which are of 
MacWilliams-type are found, i.e., (i) we show that every equivalence re- 
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lation defined by the automorphism of P is a MacWilhams-type; (ii) we 
provide a new characterization for poset structures when the equivalence re- 
lation defined by the same cardinality on 1(1^) becomes a Mac Williams-type; 
(Hi) we also give necessary and sufficient conditions for poset structures in 
which the equivalence relation defined by the order-isomorphism on X(7-') is 
a MacWilliams-type. 
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1. Introduction 



Let be the vector space of n-tuples over a finite field Fg. The space 
Fg endowed with the Hamming metric is called the Hamming space. Coding 



theory may be considered as the study of the Hammiii^ 
several possible metrics that can be defined on F" [i 



space 

ordered Hamming space was first introduced by Niederreiter [1 




There are 
The 



uniform distributions of points in the unit cube, and developed by Rosen 



to study 

3t_p( ■ ■ • 

bloom and Tsfasman [19|; so the order distance in the ordered Hamming 
space is sometimes called the NRT-distance. The ordered Hamming space 
was further generalized by Brualdi et al. 0] to poset spaces on F'^ by as- 
signing the coordinate positions of F^ to arbitrary partially ordered sets. 
The Hamming space and ordered Hamming space are special cases of poset 
spaces given by anti-chain and the disjoint union of chains with the same 
length, respectively. The poset spaces have been extensively studied; for 
instances, the_ MacWilhams-type identity 0, 0, S, El, S 0, EH, perfect 



poset-codes [1, U], the group of (linear) isometrics of the full space 
and (near) MDS poset codes [H, 0]. 

One of the most fundamental results in coding theory is the MacWilliams 
identity on the Hamming space which states that the Hamming weight enu- 
merator of a linear code is uniquely determined by that of its dual code. 
The MacWilliams identity is contributed to find the maximal subsets of F^ 
with the given minimum Hamming distance. 

There are a number of attempts to derive the MacWilliams-type iden- 
tity on F" endowed with poset metrics; for instances, the ordered Hamming 
space 0, 5, 15 1 and more generally poset space 0, El, 12, 21 1. Skriganov 
2l[ derived the MacWillams-type identity on chains with respect a poset 



151], and Dougherty and Skrig- 



weight enumerator. Martin and Stinson ^ 

anov [3] derived in different ways the MacWilliams-type identity on ordered 
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Hamming spaces with respect to a shape enumerator. Kim and Oh 
classified all poset structures which admit the MacWilliams-type identity 
on poset spaces and derived the Mac Willams- type identity to such posets 
with respect a poset weight enumerator. 

The preceding discussions lead us to the following natural question: 

Question 1.1. Is there a unifying way for the known results of MacWilliams- 
type identities on poset spaces? 

The paper is organized to settle Question 1.1 as follows. In Section 
2, we introduce some basic concepts and notations on poset codes; the 
dual relation E* of an equivalence relation E (Definition 2.1), the i?- weight 
(resp. £^*-weight) distribution of a poset code (resp. its dual poset) and 
a Mac Williams-type equivalence relation (Definition 2.7). In Section 3, we 
give necessary and sufficient conditions for an equivalence relation to be a 
Mac Williams-type equivalence relation (Theorem 3.3). We also derive the 
connection between the S-weight distribution of a linear poset code and 
the S*-weight distribution of its dual poset code, called the MacWilliams- 
type identity. It is in the matrix form whose entries are explicitly for- 
mulated (Proposition 3.8). In Section 4, we find equivalence relations of 
Mac Williams-type (Theorem 4.1), that is, (i) we show that every equivalence 
relation defined by the automorphism of a poset is a Mac Williams-type; (n) 
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we provide a new characterization for poset structures established in 
with the equivalence relation defined by the cardinality on the set of order 
ideals of a poset; {Hi) we show that every equivalence relation defined by the 
order isomorphism on the set of order ideals of a complement isomorphism 
poset is a MacWilliams-type and vice versa. 



2. Preliminaries: Notations and concepts 

In this section, we review on basic definitions and notations for poset 
spaces, and then define a MacWilliams-type equivalence relation on a poset 
space. 

Let "P be a poset on [n] := {l,2,...,n} with a partial order ^. An 
anti-chain is a poset whose any two elements are incomparable. A chain is a 
poset whose any two elements are comparable. A subset / of P is an order 
ideal if a € / and b ^ a, then b G I. Given a nonempty subset X of [n], we 
denote (X)-p the smallest order ideal containing X. 
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Let T[V) denote the set of order ideals of V and let E be an equivalence 
relation on T{V). Define the dual poset V* of V as follows; V and V* have 
the same underlying set and x ^ y m. V \i and only if y ^ x in "P*. It is 
obvious that the complement /'^ of / in X{V) is also an order ideal of V* . 
Thus there is a one-to-one correspondence between X{V) and X{V*). We 
denote I (resp. I^) the equivalence class of T{V) (resp. T[V*)) containing 
/ (resp. I'^) with respect to E (resp. E*). 

By M{I) and Im for / € X('P) we mean the set of maximal elements of 
/ and nonmaximal elements of 7, respectively. It is obvious that Im is also 
an order ideal of V. 

A permutation o" of "P is called an automorphism if a and preserves 
the order relation of "P, i.e. x ^ y if and only if cr(x) ■< (T{y) for all x, y in 
V. It is easy to see that the set Aut(P) of all automorphisms of V forms a 
group which is called the automorphism group of V. 

The support supp(x) and P- weight W'p{x) of a vector x in Fg are defined 

as 

supp(x) = {i I Xj 7^ 0} and W'p{x) = |(supp(x))p|. 
The P-distance between x and y in Fg is defined as 

dv{x,y) = w-pix - y). 

It is known 0] that d-p is a metric on Fg , called a poset metric or a P- metric. 
If Fg is endowed with the P-metric, then a (linear) code of Fg is called a 
(linear) P-code. 

The following definition plays an important role for deriving the Mac Williams- 
type identity. 

Definition 2.1. Let V he a poset on [n] and E an equivalence relation on 
X(P). We say that E* is the dual relation onXiV*) of E if it is satisfied the 
following property: If {I, J) € E is defined by property (A) on T{V), then 
{I'^,J^) € E* is also defined by property (A) on I{V*). 

Definition 12.11 is well-defined because E* is an equivalence relation on 
X(P*) and E** = E. 

We now introduce three kinds of equivalence relations on the set of order 
ideals of a poset. Two of them induce naturally the dual relation but the 
other does not. See Examples 2.3 and 2.5. 
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Lemma 2.2. Let V be a poset on [n] and I, J in X{V). 

{i) The relation Eq on T{V) is defined by the rule 

{I, J) G Ec if and only if \I\ = | J|, 

Then Eq is an equivalence relation on X('P) and the dual relation E^ on 
X[V*) of Ec is automatically determined by = IJ'^I- 
{ii) Let H be a subgroup of AutiV) . The relation Eh on I(V) is defined by 
the rule 

(/, J) € Eh if and only if a{I) = J for some a ^ H. 

Then Eh is an equivalence relation on T{V) and the dual relation E*^ on 
X{V*) of Eh is automatically determined by cr{I^) = J'^. 
{Hi) The relation Eg on T{V) is defined by the rule 

(/, J) G Es if and only if I J as a poset. 

Then Eg is an equivalence relation on T{V). 

Proof. The proofs are straightforward. □ 

Example 2.3. Let V be a poset on [5] with the order relation: 1 ^ 2 ^ 3 
and 4 -< 5. We see that the set I(V) becomes 




{0, {!}, {4}, {1,2}, {1,4}, {4, 5}, {1,2,3}, {1,2, 4}, {1,4, 5}, {1,2, 3, 4}, {1, 2,4, 5},P}- 
So, 

l{V)/Ec = {0, {T}, {T;2} , {W^, {1, 2, 3, 4} , n, 

I{V*)/E*c = {P,{TF,{T;2p,{l,2,3}^{l,2,3,4}^^}. 

Notice here that {1} = {{1}, {4}}, {1,2} = { {1, 2}, {1, 4}, {4, 5}}, {1,2,3} = 
{{1,2,3}, {1,2, 4}, {1,4,5}}, and {1,2,3,4} = {{1, 2, 3, 4}, {1, 2, 4, 5}}. On 
the other hand, we have 

X{V)/Es = {0,{T},{T;2},{T;4},{1,2,3},{1,2,4},{1,2,3,4},{1,2,4,5},P}, 
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T{V*)/E*s = {0^ {1}^ {1, 2Y, {1, 4}^ {1, 2, 3}^ {1, 2, 4}^ {1, 2, 3, 4}^ {1, 2, 4, 5}^ P^}, 

«;/iere {1} = {{1}, {4}}, {T;2} = {{1, 2}, {4, 5}}, anrf {1,2, 4} = {{1, 2, 4}, {1, 4, 5}}. 
We notice that in this dual relation Eg on X{V*), every element (I'^, J^) in 
Eg is not defined by P J'^ as a poset in V* because ({1, 2}'^, {4, 5}^) G Eg, 
but {1,2}^ and {4,5}'^ are not isomorphic as a poset in V* . Thus the dual 
relation Eg on X[V*) does not exist for this poset. 

Motivated by Example 2.3, we modify the relation Eg to give the fol- 
lowing definition. 

Definition 2.4. A poset V is a complement isomorphism poset if the fol- 
lowing condition holds: for any I and J in T[V), 

I J if and only if P ~ J'^ . 

An example of complement isomorphism posets is given in Figure 1. 

<»MM1!1 

(a) (b) (c) (d) (e) 

Figure 1 



Example 2.5. Let V be a poset on [4] with order relation: 1^3 and 2^4. 
Then Aut{V) = {(1), (12)(34)}. We see that 

T{V)/EAut{v) = {0, {1}, {T;2}, {T;3}, {1, 2, 3} , P}, 

= {0^,{TF,{T;2F,{T;3P,{1,2,3}^^}, 

where {1} = {{1}, {2}}, JlO} = {{1, 2}}, {i^ = {{1, 3}, {2, 4}}, {1,2,3} = 
{{1,2, 3}, {1,2, 4}}, and V = {V}. In this dual relation E\^^^^^ on I{V*), 
every element {I^, J'^) in E*^^^^^^ is also automatically determined by a{I'^) = 
J'^ for some a G Aut{V*). 

Remark 2.6. Let V be a poset on [n]. Then 

EA^^^J,) CEs^Ec. 
(ii) If P is hierarchical (ordinal sum of anti chains), then the equalities hold. 
(Hi) The equalities do not hold in general. 

To see (Hi), let V be the poset defined in Example 12. 3[ Put G = AutiV). 
It follows from Aut{V) = {Iv} that Eg = {{1,1) \ I G '^{V)}. Since 
({1}>{4}) G Es and {1,1) G Es for I G 1{V), we have Eg C Es. Since 
({1, 2}, {1, 4}) i Es and \I\ = \ J\ for (/, J) G Es, we have Es C Ec. 
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Let / be an order ideal of a poset V on [n]. We define the /-sphere Si{x) 
and the /'^-sphere Sic [x) of centered at x in as follows: 

Si{x) = {y G F^ I (supp(x - y))v = /}, 

Sic{x) = {y € F^ I (supp(x - y))v' = I'}. 

We also define the /-sphere Sj ^{x) and /'^-sphere Sje centered at x with 
respect to E and E* as follows: 

S-i,e{^) = {y e F^ I ((supp(x - y))vJ) G E}, 

Sj,j,4x) = {ye¥^\ ((supp(x - y))p,,n € E*}. 
One can easily verify that 

o o 

^7,e(^) = U 'S'j(^) and Sj^^^,{x) = |J 5'jc(x), 

J67 J<=67^ 

where the union is disjoint. For the sake of simplicity, we will write Sj and 
Sjc (resp. Sj ^ and Sj^ instead of -5/(0) and Sjc{0) (resp. Sj ^{0) and 
<S'jE^,(0)), where is the zero vector. 
Let C be a P-code in F^. We define 

Ai,EiC) ■■= \Sj^E^C\=Y,_\SjnC\ and W{C,V,E) := [Aj^EiC)]ieXiV)/E- 

Jei 

We call W{C,'P, E) the weight distribution of C with respect to E (or 
the /J- weight distribution of C). In particular, if V is an anti-chain on [n], 
then Sj (resp. Sj^ ^, ) is the set of vectors of F^ of Hamming weight |/| 
(resp. n — |/|), and the Ec-weight distribution W{C, V, Ec) of C is just the 
Hamming weight distribution of C. 

Definition 2.7. Let V be a poset on [n], E an equivalence relation onX{V) 
and E* the dual relation on X{V*) of E. An equivalence relation E on T{V) 
is a MacWilliams-type if for any linear V -codes Ci and C2 in F^, 

W{Ci,V,E) = W{C2,V,E) implies W{C^,V*,E*) = W{Ci,V*,E*). 

We notice that Definition l2.7l is well-defined because E'lsa Mac Williams- 
type equivalence relation on X{V) if and only if E* is a Mac Williams-type 
equivalence relation on X{V*) using the fact that E** = E. 
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3. Equivalent conditions for a MacWilliams-type equivalence re- 
lation 



In this section, we give necessary and sufficient conditions for an equiva- 
lence relation to be a Mac Williams-type equivalence relation. The Mac Williams- 
type identites derived by our characterization are presented in the matrix 
forms, say and Qe*- The entries of and Qe* are explicitly presented. 
Moreover, we prove that Pe is a uniquely determined by Qe* and vice versa. 

An additive character x of "^q is a homomorphism from the additive 
group of F„ i nto the multiplicative group of complex numbers of absolute 
value one 



14( 1 . Throughout all sections, we denote x a nontrivial additive 



character of Fg. 

Lemma 3.1. Let V he a poset on [n], E an equivalence relation on T{V) 
and E* the dual relation of E. Then for any linear V-code C ofF^, 

« ^7,£;(C) = T^_ Yl EE x{u-v)forleIiV)/E, 

(zi) A-^^j,.{C^) = ^ xiu-v)forT-eI{Vn/E* 

7gX(-p) /e uGCnSj j^ veSjc j^:, 

Proof. For a linear T'-code C in , we see that 

c= U 

ieXiP)/E 



where the union is disjoint. It is well-known [ij] that for any linear P-code 
C over F^, 



E, . / |C| if n G C-L, 



vec 



8 



It follows that for € I{V*)/E*, 



vec-^ns—^E* 



= E ^E^(^-^) (by©) 

= i^E E 

= E E E :'^("-^)- 

iei{v)/Eu£CnSjj^ves—^E* 
This proves (u). In the same way, we can obtain (i). □ 

Corollary 3.2. Let V be a poset on [n], E an equivalence relation onI(V) 
and E* the dual relation of E. Then for any 1- dimensional linear V-code C 
of Fg generated by a nonzero vector u, 

r 1 ifi = ^, 

(i) Ajj,{C) q-1 ifue Sj,,, for I e liV)/E, 
otherwise. 

(u) A-j, j,.{C^) = - \Sj,^eA + (9-1) E ^(^ • ^) I /^'^^ ^ I{V*)/E\ 

Proof. Since C is generated by u, C = {au \ a € ¥g}. If n G Sj ^, then 
au € Sj ^ for a G F*. This proves (i). It follows from Lemma l3.ll that for 
J^eI{V*)/E*, 

Me^c^) = ^ E E E ^(^•^) 
= ^ E E ^((«^) ■ ^) 



^ i^j^.i?*! + E E ^(^ • ("^)) I 
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Since S-jz = {av \ v S S-jz for a G F*, we have 

^T^,E* (c^) = -A \^j^.E* I + (9 - 1) E • ^) 



Q 



ves-. 



This proves (u). □ 

We are ready to state equivalent conditions for the MacWilhams-type 
equivalence relation. 

Theorem 3.3. Let V be a poset on [re], E an equivalence relation on I{V) 
and E* the dual relation of E. The following statements are equivalent. 

(i) E is a Mac Williams-type equivalence relation onX[V). 

(ii) Fori eI{V)/E andJ^eI{V*)/E*, we have 

(a) If u and u' are in Sj ^, then ^ x{u • v) = X] xi^' ■ v). 

(6) If V and v' are in S-j^ then xi^ • v) = Yl xi"^ ' "^'O- 

(Hi) There are matrices Qe* and Pe overWq such that for any linear V -code 
C m Fq , we have 

(a) WiC^,V*,E*) = ^^W{C,V,E)Qe-*. 

[b] W{C,V,E) = j^^W{C^,V*,E*)Pe. 

Proof, (i) =^ (ii) Suppose an equivalence relation E on T(V) doesn't admit 
either (a) in (ii) or (6) in (ii). Without loss of generality, we assume that 
there are u and u' in Sj ^ such that YveS-c , ^(^ ' ^) Sues— * ' 
v). Let Ci and C2 be 1-dimensional codes of Fg generated by u and u' , 
respectively It follows from Corollary that W{Ci,V,E) = W{C2,V,E) 
and W{C^,V*,E*) / W{C^,V*,E*). So E is not a MacWilliams-type 
equivalence relation on T{V). 

{ii) =^ (i) Suppose an equivalence relation E on I{V) admits (a) and (6) 
in (ii). We claim that for linear "P-codes Ci and C2 in F^, 

W{Ci,V,E) =W{C2,V,E) if and only if W{C^ ,V* , E*) = W{C^ ,V* , E*). 

Assume that W{Ci,V, E) = W{C2,V, E). Since the equivalence relation E 
admits (a) in (ii), the summation YveS— ■ v) is a constant for any 

u £ Sj ^. Put P—j = J2veS-c , x{u-v) for u G S'j^. If follows from Lemma 
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Othat for j = 1,2, 



ME^iCf) = ^ E E E Xiw-v) 

^ l€l(V)/E* 

which implies that W{C^,V*,E*) = W{C^,V*,E*). 

By the same argument as above, we can prove the other direction. Thus 
is a Mac Wilhams- type equivalence relation on X('P) . 
(ii) =^ {in) Suppose an equivalence relation E onX('P) admits (a) and (6) 

m.{ii). For 7 gX(7')/£; and J^eI(P*)/^*, the summations X^t.gSjcE 

v) and YlueSj ^ ' ^) constants for u ^ Sj ^ and w € Define 

the matrix Pe and Qe* as follows: 

P,, = b__] and Qij* = [(/__], (3) 

where p__ = Et,GS-^. • v) for n E and = EueSj ,, • v) 
for f € E*- Here is an \X{V*) / E*\ x |X('P)/-E'| matrix with rows and 
columns labelled by the elements of Z{V*) / E* and of I(V)/E, respectively, 
and Q^; is an \I{V)/E\ x |X('P*)/£^*| matrix with rows and columns labelled 
by the elements of X[V)/E and of X{V*) / E* , respectively. If follows from 
^ that W{C^,V*,E*) = ^^{C,V,E)Qe* for any linear P-code C in F^. 
In the same way, we can obtain W{C, V, E) = {C^ ,V* , E*)Pe for any 

linear "P-code C in F^. 

{Hi) (i) Suppose an equivalence relation E on X{V) admits (a) and 
(6) in {in). We claim that for linear P-codes Ci and C2 in F^, 

W{Ci,V,E) =W{C2,V,E) if and only if W{Ci ,V* , E*) = W{C^ ,V* , E*). 

Assume that W{Ci,V, E) = W{C2,V, E). Since the equivalence relation E 
admits (a) in {Hi), we have 

W{Ct,V*,E*) = -Lw{Ci,V,E)Qe* = -1-W{C2,V,E)Qe* = W{C^,V*,E*). 

By the same argument as above, we can prove the other direction. Thus 
P is a Mac Williams- type equivalence relation on I{V). □ 
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Definition 3.4. Let V he a poset on [n] and E a MacWilliams-type equiv- 
alence relation on I{V) . We call the matrix Pe defined in (3) the P -matrix 
with respect to E and call the matrix Qe* defined in (3) the Q-matrix with 
respect to E* . 

From now on, we try to find out formulae for the entries of Pe and Qe*- 

Lemma 3.5. Let V be a poset on [n]. For L € '^{V), we have 

f; ifieM{L), ^ 
ifielM, >■ 

{0} z/feF. J 

Proof. From the definition of the /-sphere Sj, we have 

Si = {ve¥^g\ {snpp{v))v = 1} 

Since (supp(t'))-p = / if and only if M(/) C supp(f) C /, we have the 
result. □ 

Lemma 3.6. Let V be a poset on [n]. For I and J in 1(V), the following 

statements are equivalent. 

(i) suppiu) n {J^)m = for u G 5/. 

{ii) M{L) n (J^)m = 0. 

iiii) Lni.r)M = ^- 

(iv) Lm nr = $. 

Proof {{) (ii) For u G Sj, M{L) C supp(n). It follows that M{I) n 
{J^)m ^ supp(«) n {J^)m- Hence {i) implies {ii). 

{ii) {Hi) Note that {z € M{I) | x ^ z in / for x G and {J'')m 
is an order ideal of P*. If x G Lm n (J'^)m, then y G M{L) D {J'')m for 
y & {z (z M{L) I X ^ z in V}. Hence {ii) implies {Hi). 

{Hi) {iv) If X G Lm n J"", then y G / n ( J'')m for y G {z G M{L) \ x ^ 
z in V}. Hence {Hi) implies {iv). 

{iv) {i) Note that {z G M(J^) | x ^ z in P*} / for x G (J^)m. If 
X G supp(n) n {J'')m, then y G Lm n J"" for y G {z G M(J'') | x ^ z in V*}. 
Hence {iv) implies (i). □ 

We evaluate the sum of characters on the sphere of an order ideal. 




,...,Vn) e¥]^\vi€ 
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Lemma 3.7. Let V be a poset on [n]. For I, J G ^{"P) (^iT-d u € Sj, we have 
r (-l)l^nJI(^ _ i)|M(j^)|-l/nJ1^|(J=)M| j^, n = 0, 

Proof. It follows from Lemma 13.51 that 



^ Xiu-v) = YlxiuiVi) 
vGSjc vGSjc i=l 



= H Yl Xiuia) Yl Yl xiuia)YlxiO) 

Since ^^gip^ x(a/3) = | q |[ ^ ^ 

= (-_2ys«pp(«)nM(j'=)|^^ _ -^-j|s«pp(«)=nM(j'=)|Q|snpp(n)n(j'=)A/|^|s«PPW=n(J'=)Ad 
(_l)|s«pp(«)nA/{j-)|(^ _ ^^\supp(^,rnM{j-)\^\{j-)^j\ if s^pp(u) n (J^)aj 
if supp{u) n {J'^)m 

The result follows from Lemma 13.61 □ 

In the following proposition, the entries of Pe and Qe* are explicitly 
described. 

Proposition 3.8. Let V he a poset on [n], E an equivalence relation on 
X{V) and E* the dual relation of E. Then the entries of Pe and Qe* o.re 
presented as follows: 

For I,J(^ ^i'P) and u ^ Si, we have 



ii)l^.j = {q-ir^'^N^'^^^ J2 (^) forueSj^^, 

(ii) qj-j, = {q- l)m^)\q\^M\ ^ ^ ^ g-. j,.. 
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Proof. It follows from Lemma 13.71 that 

(_l)l^ni^'=l(g _ l)|M(X'=)|-l/nK-l^l(K'^)M|_ 

From \M{K^)\ = |M(J'=)| and \{K'')m\ = \{J^)m\ for € 7^, we obtain 
(i). In the same way, we can obtain (ii). □ 

We prove that Pe is uniquely determined by Qe* and vice versa. 

Proposition 3.9. Let V be a poset on [n], E an equivalence relation on 
T{V) and E* the dual relation of E. If E is a MacWilliams-type equivalence 
relation on X{V), then 

\T\ |J^| 

(g_ l)|M{J-)|g|{J=)„|^^,/ - (g_ i)|A/(/)|^|/mI^^-^=' 
for 1 G I{V) /E and 7^ € 1{V*)/E* . 

Proof. Since is a Mac Williams- type equivalence relation on X('P) , we have 
Pj^j = Y ^("■^) ^ ^ -^/.E and (?__ = ^ x(^^-w) for V G S'jf^^;.. 

It follows from Lemmas 13.61 and Proposition 13.81 that 



(o _ l)|A/{j'=)U|(j=)„| Va-1 

K=GJ=,/n(i<'=)A/=0 



1 / 1 \\^^^"\ 



' ' LG/,Ln(J'=)M=0 

_ |J^| 97,7? 

|T| (g-i)iA^a)igi^Mr 

Multiplying |/| on both sides, the result follows. □ 



14 



Example 3.10. LetV he an antichain on [n] and Eq an equivalence relation 
on T{V) defined by the cardinality. We see that 

S-i,Ec = e I wv{u) = and S-.,,,^ = {ve¥^^\ wv*{v) = 

for 1 G Z{V)/Ec and IP € I{'P*)/E^. It follows from Lemma 6.17 in flj] 
that 

k 

where Pk{x- n) := Yl (-1)^ (^-1)''"^ (^) ilj") , k = 0,1, ... ,n, is the Krawtchouk 
j=o 

polynomial. Therefore, we have Pe^ = Q"e* ■ follows from Proposition 
rOI that 

|T| \P\ 



(g_ l)|M(J-)|g|(J-)M|^.^ {q-l)\M{I)\(^\IM\'^I.J^■ 

Smce \I\ = {^1^), |J^| = (|;,|), M{I) = I, M(J^) = J^, and hi = {J^)m 
0, we see that 

(|J|) _ _ _ 

This coincides with Theorem 5.17 in fl^] . 



4. Three sources of Mac Williams-type equivalence relations 

In this section, We provide three kinds of equivalence relations of a 
MacWilliams-type, that is, equivalence relations defined by the cardinality 
on the set of order ideals of a poset, the automorphism of a poset and the 
order isomorphism on I(V) of a complement isomorphism poset. Moreover 
we classify posets admitting such equivalence relations to be a Mac Williams- 
type on TiV). 

Let / and g be functions on the subsets of a finite set X. It is known 
ii that 



f{A) = g{B) for A C X if and only if g{A) = ^ (-1)I^I-I^I/(S) for ACX, 



BCA BCA 
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which is cahed the Mobius inversion formula. 



Now we are ready to state our main result of this section for classifying 
posets admitting a Mac Williams-type equivalence relation. 

Theorem 4.1. Let V be a poset on [n] and H a subgroup of Aut{V). 
(i) Eh is a MacWilliams-type equivalence relation onT{V). 
{a) The following statements are equivalent. 

(a) V is a hierarchical poset. 

(b) Ec is a MacWilliams-type equivalence relation onX{V). 

(c) Two equivalence relations Ec and EAut{'P) ^'^^ same. 
{Hi) The following statements are equivalent. 

(a) V is a complement isomorphism poset. 

(b) Es is a MacWilliams-type equivalence relation onI{V). 

Proof (i) Note that {I, J) G Eh if and only if (/^ J"^) G E*^. For u and 
u' in Sj let Ii = (supp(ii))-p and I2 = (supp(ii'))-p. There is an auto- 
morphism a in H such that = 12- Let J G T[V). It follows from 
Proposition 13.81 that 



I \|/inA'=| 



It can be easily checked that for A,BC'P, we obtain a{Ar]B) = a{A)na{B) 
for all a G Aut{V) and Aut{V*) = Aut{V). It then follows that 

Y X{n-v) = (g-l)W^^)lgW.I ^ 

This proves Theorem[33](zi) (a). Note that (F, J'') G E"^ if and only if a{F) 
for some a ^ H. Theorem [213] (^*) {b) is proved in the same argument as 
above. This proves part (i) 

{ii) (a) ^ (6) Since is a hierarchical poset, there is an automorphism a in 



q-l 
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Aut{V) satisfying (j((supp(n))-p) = (supp(n'))-p for u and u' € Sj The 
result is proved by Theorem 13.31 as in the proof of Theorem 14.11 (a) =;> (c) 
Let V he a hierarchical poset. Prom the structure of V, it is easily shown 
that for / and J £ '^{V), \I\ = \J\ if and only if there is an element a in 
Aut{V) satisfying a (I) = J. Hence (a) implies (c). (6) =^ (a) It follows from 



12l |. (c) (6) It follows from Theorem 14.11 



Theorem 2.5 in 

{Hi) (a) (6) Suppose P is a complement isomorphism poset. For u, u' G 

there exists an order isomorphism satisfying (T((supp(u))p) = (supp(u'))-p. 
Put Ii = {supp{u))p and /2 = {supp{u'))'p. It follows from Lemma 13.61 and 
Proposition ESI that for G I{V*)/E*, 



Replacing Ii D K'^ by A, we have 



1^1 

Applying the Mobius inversion formula, we obtain 



E x{u ■ v) 

i-i = V f^l V(-i)i^\^i V 1 

(a -l)\M{J^)\aKJ^)M\ \q-l l^^ ^> 

' ^ ACMih) ^ BCA K-eJ^,hnK-CB 

Let B Q A Q M{Ii). One can easily check that |^| = \(y{A)\, |^ \ -B| = 
|(t(j4) \ (t{B)\, and (/i \B,l2\ cr{B)) G Es since a : Ii ^ I2 is an order 
isomorphism. Since P is a complement isomorphism poset, (Ii \ By ~ 
{h \ (^{B)Y- Hence we have 

_E 1= _E _ E 1= _E 

K'=eJ<',iinK<'CB A'=eJsA'=c(/i\B)= X'=eJ^X'=c(/2\o-(B))= K<'eJ'=,i2nK<'Ca{B) 
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It follows that 

1 



_ l)\M{J-)\q\{J-)M\ 
ACM(/i) ^ BCA K'^eJ^JinK'^CB 

= E (A) E _E 1 

This proves Theorem 13.31 (ii) (a). Since Theorem 13.31 (iz) (6) can be proved 
in the same way, the result follows. 

(6) =^ (a) Suppose V is not a complement isomorphism poset. Then there 
are Ii and I2 on Z('P) such that Ii I2 and I^- Let Ci and C2 be linear 
codes of Fg such that 

Ci = {x G F^l supp(x) C /J, i = 1, 2. 

It follows that W{Ci,V,Es) = W{C2,V,Es). The dual codes and 
are given by 

C,^ = {xGF^| supp(x) C/f}, z = l,2. 

From Lemma ESI we have A-jc^e.^{C^) = {q - l)l*^('ff)lgl(-ff)"l. Note that 
|/^| = IJ'^I because /'^ ~ J^. If x G C2" such that ( supp(x))-p. ~ I^, then 
|( supp(x))-p*| = = I/2I. It then follows from ( supp(x))-p* C /| that 
I2 = { supp(x))-p* ~ If, which is a contradiction to the fact that If 9^ 
It follows that W{C^,V*,E*s) ^ W{C^,V*,E*s). Therefore, we have the 
result. □ 

Corollary 4.2. Let V be a poset on [n] and H a subgroup of Aut{V). For 
1 G Z{V)/Eh and IP G Z{V*)/E*h, we have 

\{a€H\ a{J-) = r}\ _ \{a G H \ a{I) = I}\ 
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Proof. Prom Theorem l4.1l the equivalence relation Eh on 1(7-") is a Mac Williams- 
type. It follows from Proposition 13.91 that 

|7| __ |J^| 

for 7 € X{V)/Eh and G Z{V*)/E*^. Since H = \I\\{a € H \ a{I) = I}\ = 
\J^\\{a a{J^) = J^}\, the result follows. □ 
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